We consider an inclusion of type III factors with index 4 arising from an automorphism. It has the extended Coxeter-Dynkin diagram A or A^t ao as the principal graph. We show the equivalence between classification of automorphisms and that of the corresponding subfactors, and compute conjugacy invariants for the subfactors. As an application, we show the existence of a pair of type IIIj factors which does not split into a type II l inclusion. § Oo Introduction
§ Oo Introduction
We shall consider an inclusion of type III factors with index 4 arising from an automorphism. More precisely, we consider the following inclusion:
1-«(*)_!'
where P is a type III factor and a is an automorphism of P. The main purposes in this article are to show the relation between classification of automorphisms and that of the corresponding subfactors, and to study the correspondence between the four outer conjugacy invariants of the automorphism and conjugacy invariants of the subfactor. As an application, we shall show the existence of an inclusion of type lll l factors which does not split into a type IIj inclusion.
In §1, we shall consider the relation between the outer conjugacy of an automorphism and the conjugacy of the corresponding subfactor, and show the "equivalence" of them. In §2, we shall show how the four outer Communicated by H. Araki, March 4, 1992. 1991 Mathematics Subject Classification: 46L37 * Department of Mathematics, Tokyo Metropolitan University, Minami-Ohsawa 1-1, Hachioji-shi, Tokyo 192-03, Japan conjugacy invariants of an automorphism appear as conjugacy invariants of the subfactor. In the index theory, the tower of the higher relative commutants is known to play important roles to study the structure of subfactors (see Ocneanu [20] and Popa [23] ). In type III case, we need two towers of the higher relative commutants arising from type III inclusion and the associated type II inclusion. In particular, the latter contains many informations for the study of type III inclusion. Furthermore, we compute the mirroring introduced by Ocneanu [20] and the dual action which makes sense only type III case, and show that these systems include all informations of the four invariants of the automorphism. In order to calculate them, the canonical extension of automorphism in the sense of Haagerup-Stermer [4] is used. In §3, we deal with inclusions of type IIIj factors as an application of this example. In this case, the known result on classification of subfactors is that if an inclusion of approximately finite dimensional type IIIj factors arises from a finite group action, then it splits into a type II l inclusion. In particular, all inclusions with index 2 and 3 split into type II l inclusions (Izumi [9] and Kawahigashi-Sutherland-Takesaki [13] ). On the other hand, it has not been known, at least in the literature, whether there exists a pair of type III t factors which does not split into a type II l inclusion. We shall show the existence of such an inclusion. (In the case of type III A , A/l, see Hamachi-Kosaki [7] , Izumi-Kawahigashi [10] , Kosaki-Longo [17] , Loi [18] , [19] .) The essential argument of the proof is to show the gap of the two towers of the higher relative commutants. It is characterized by the non-triviality of the dual action.
For We recall the way to construct an inclusion of factors from Jones [11] (see also Pimsner-Popa [21] and Popa [22] ).
Let P be a type III factor and a an automorphism of P. We set a 0 = id. and ofj^a, and denote by {£*_/} £j=o tne usual matrix units in M Since the following lemma follows from a standard argument, we leave its proof to the reader (see Hiai [8] and Kosaki [15] Proof. Since ®(A^nM) = A^nM, after a suitable perturbation by an inner automorphism of N'^nM we may assume that there exists a bijection (p of {0, 1} such that
We deal with the following two cases separately.
(1) The case of <p (0) (2) The case of <p(0) = 1 • A similar calculation shows that a is outer conjugate to jS" 1 .
(ii) -> (i): It is sufficient to prove it in the following three cases.
(1) The case of P = 0°a°6~l for some automorphism 6 of P.
If we set O = 0(X)id., then O is an automorphism of M and (2) The case of P = Adu°a for some unitary M in P.
If we set <I> = Ad(e4-Me) J then i <!>( ^] a^ac^^j ( 3) The case of j8 = a~1.
If we set <l> = a~1(X)Ad(e 01 + e 10 ), then
Remark 1.4. In general, an automorphism of a type III factor is not outer conjugate to its inverse. Therefore we can not distinguish them in the subfactor level. But we may consider that classification of automorphisms up to outer conjugacy is "equivalent" to that of the corresponding subfactors up to conjugacy. §2o Conjugacy Invariants for Subfactors
In this section, we shall show how the four outer conjugacy invariants of an automorphism of a type III factor appear as conjugacy invariants of the corresponding subfactor.
Let P be a type III factor and a an automorphism of P. Let M=>N be as in §1 and let M^N be the canonical inclusion of type 11^ von Neumann algebras with the dual action 0 M (Kosaki [16] , see also [5] , [6] , [14] ). We set, for a non-negative integer k, P k = M 2 (C) with matrix units = o-Furthermore, we set
M_,=N, and k > 3
Here P means the crossed product Py^av R for some weight (p on P and a is the canonical extension of a in the sense of Haagerup 
Proof. Taking a state (or weight) T on P such that Toa = T, we set R. We define a state ^ on AT by we get a natural isomorphism <1> from M onto M 0 which is given by changing the second and the third components. From the definition of the canonical extension and the dual action, it has the desired properties. q.e.d. (iii) The dual action 9 k on M k is given by
Proof. The assertion (i) follows from the characterization of the basic extension [7; Theorem 8] . From Lemma 2.1, we obtain (ii) and (iii) as a consequence of (i) q.e.d. Proof. We remark that the canonical extension a is free in the sense of [12] or inner ( [4] or [25] ). Thus the assertions follow from direct computations.
q.e.d.
) be a standard form of P and v the canonical implementation of a. We take and fix a cyclic and separating vector £ for P in P* .
We and For any other case, we also get the consequence by a similar calculation.
q.e.d. Now we shall compute the mirroring (and the canonical shift) introduced by Ocneanu [20] (see also [2] and [3] ). We have two kinds of mirrorings {jk}k>o anc * {jk}k>Q arisimg from type III inclusion and type II î nclusion. From the definition, the mirroring y k is an anti-automorphism of N'nM 2k+ i given by and the canonical shift F is a *-endomorphism of (J (ATnM fc ) given by fc=-i
Similarly, the mirrorings
f of Q (ATnM fe ) are defined. fc= -1 Let (p be a dominant weight on P such that (po% = (p and for the continuous decomposition P = P (p^e R,
where a is the automorphism of P 9 induced by a (Sutherland-Takesaki [27; Lemma 5.11]). Then each of the invariants is calculated as follows: The module mod a of a is given by
Expressing oc h = Ad u h°a^ f or heN(aC), we have [13] and [27] ). §3o Application At first we remark that since the tensor product of a type II factor and a type III factor is of type III, inclusions of type III factors contain the following inclusions which are completely reduced to type II 1 inclusions:
where R^>Q is a pair of type II 1 factors and M is a type III factor. An inclusion of the above form is said to split into a type II l inclusion. In this section, we shall show the existence of an inclusion of type Ill 1 factors which does not split into a type II l inclusion. where L is the crossed product LXJ^J? for some weight cp on L. The assertion follows from this.
In order to show the existence of a type II 1 1 inclusion without splitting into a type II j inclusion, it is sufficient to construct a pair whose two canonical towers differ. For our example, we have only to take an automorphism that makes a gap between the two towers. In type 11^ case, since the module is trivial, the outer conjugacy invariant of an automorphism is parametrized by (n, A, t), where n is a non-negative integer, A is an n-th root of the unit and t is a real number. From Remark 2.8, there is a gap between the two towers if and only if the dual action is non-trivial, namely, the modular invariant is not trivial.
By the above arguments and Proposition 1.3, we have Proposition 3.2. Let P be a type III l factor and let N (n A <f) be the sub/actor arising from the automorphism a (n A f) of P whose invariant is (n, A, *), *>0. 
